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In an earlier work extensions of supersymmetry and super Lie algebras were constructed consistently starting 
from any representation 23 of any Lie algebra g. Here it is shown how infinite dimensional Lie algebras appear 
naturally within the framework of fractional supersymmetry. Using a differential realization of g this infinite 
dimensional Lie algebra, containing the Lie algebra g as a sub-algebra, is explicitly constructed. 



1. Introduction 

It is a pleasure to write this contribution in 
memory of the 75th anniversary of D. V. Volkov. 
Among other things he was a pioneer both in su- 
persymmetry and alternative statistics This 
paper can be seen as an attempt to combine those 
two concepts in a sense specified latter on. 
Symmetry is always a powerful tool to understand 
properties of systems. Space-time symmetry is 
central in particle physics. When studying possi- 
ble symmetries of space-time, two theorems put 
severe constraints on allowed space-time symme- 
tries: the Coleman and Mandula [|j and Haag, 
Lopuszanski and Sohnius theorems. They 
lead to gauge theories and/or supersymmetry. 
However, for those types of theories bosonic or 
fermionic representations of the Lorentz group are 
introduced. So, if one imagine symmetries act- 
ing on representations which are neither bosonic 
nor fermionic, one is, in principle able to define 
symmetries generalizing supersymmetry. Several 
possibilities have been considered in the literature 
|4|-jl^, the intuitive idea being that the genera- 
tors of the Poincare algebra are obtained as an 
appropriate product of more fundamental addi- 
tional symmetries. These new generators are in a 
representation of the Lorentz algebra which can 
be neither bosonic nor fermionic (bosonic charges 
close under commutators and generate a Lie alge- 
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bra, whilst fermionic charges close under anticom- 
mutators and induce super-Lie algebras). Here, 
we are interested in one possible extension of su- 
persymmetry named fractional supersymmetry. 

2. Lie algebras 

The natural mathematical structure, generaliz- 
ing the concept of super-Lie algebras and relevant 
for the algebraic description of fractional super- 
symmetry has been introduced in jT^ ] and was 
called fractional super-Lie algebra (F— Lie alge- 
bra for short). Here, we do not want to go into the 
detailed definition of this structure but only recall 
the basic points, useful for our purpose. More de- 
tails can be obtained in ||T^. Basically, an F— Lie 
algebra is a Z^?— graded vector space, 

S ^ B(BAi(B---(BAf^i, (1) 

which endows the following structure: 

1. i? is the graded zero part of S and is a Lie 
algebra. 

2. AU the graded part oi S, Ai,i = 1, - ■ ■ , F-l 
(of grade i) are appropriate representations 
of B (in general of infinite dimension i.e. a 
Verma module). 

3. Denoting (D) the fold symmetric 
product of D, there are multilinear, 
i3— equivariant {i.e. which respect the ac- 
tion of B) maps { , • • • , } from (Ak) 
into B. In other words, we assume that 
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some of the elements of the Lie algebra B 
can be expressed as _F— th order symmet- 
ric products of "more fundamental genera- 
tors" . 

Of course, to ensure the coherence of this alge- 
braic structure more is needed (Jacobi identities, 
unitarity, representations, etc.) as can be seen in 
p^ . From the above definition of F— Lie alge- 
bras, firstly, we observe that no relation between 
different graded sectors is postulated. Secondly, 
the sub-space B (B Ai C S satisfies all the condi- 
tions of F— Lie algebras. 

3. Fractional supersymmetry 

Along the lines of F— Lie algebras it has then 
been shown that it is possible to define fractional 
supersymmetry (FSUSY) starting from any Lie 
algebra g and any representation V. The ba- 
sic idea is the following. Let g be a rank r 
semi-simple Lie algebra and denote ai the set 
of primitive roots and fii the set of fundamen- 
tal weight vectors (2 '^^"i — Sij). If one con- 
siders B — g (B {Vfj, being the representa- 
tion associated to the primitive vector |^ > with 

r 

weight /i — ^nj/ii,nj € N -highest weight 
1=1 

representation-) as the bosonic part of the F— Lie 
algebra (as a semi-direct product) 

[fl,0]C0, [0,V^]cV^, [D^,V^]^0, (2) 

one possible solution for the grade one sector is 
to consider the infinite dimensional representa- 
tion V^/p, with highest weight of weight /i/F = 

r 

J2 ■y-f^ii'^i e N. The action of g on T>^/p is cx- 

i=l 

tended as follow 

[0,2?p/f] C P^/F, [P^,P^/f]=0. (3) 

The representation 'D^/p is in general infinite di- 
mensional and non-unitary and is called a Verma 
module In an earlier paper an FSUSY as- 

sociated to 0,2?^ and 2?^/f was constructed in 
an abstract way It was then noticed that 

for any Lie algebras it is possible to construct a 
differential realization and to obtain any repre- 
sentation in terms of appropriate homogeneous 



monomials |l6| . In such a realization FSUSY can 
be explicitly obtained by action on appropriate 
homogeneous monomials. Roughly speaking, in 
FSUSY the representations 2?^ and Vpjp can be 
related 

S^{V^/p)r.V„ (4) 

but the main difficulty, in such a construction, is 
connected to the requirement of relating an infi- 
nite dimensional representation T>^/p to a finite 
dimensional one T>^ in an equivariant way, i.e. 
respecting the action of g. One possible way of 
solving this contradiction is to embed T>^ into an 
infinite dimensional (reducible but indecompos- 
able) representation ||l^ . Another possibility 
is to embed g into a infinite dimensional algebra 
dubbed V{q) ||. 

4. Fractional supersymmetry and s[(3,M) 

Here, our purpose is to analyze these two points 
in more details and in particular to construct ex- 
plicitly the infinite dimensional algebra ViQ) D g. 
The first point was already analyzed in psf fl^ 
and the differential realizations was the main is- 
sue in Indeed, one additional advantage of 
the differential realizations given in fl^ is to pro- 
vide the main tool to obtain V{q) from g. Up 
to now, the solution has been obtained only for 
g = s[(n, R) (the other series are under investi- 
gation). Furthermore, the formulas are generic 
for all s[(n,K) so we may just focus here on 
g = s[(3,E). 

4.1. Fractional supersymmetry and finite 
dimensional algebras 

Let a,/3 be the simple roots of s[(3,M), 7 = 
a + 13 the third positive root and and ^2 the 
fundamental weights. Introduce, a;i, X2, ^3 > of 
weight l/ii >= xi, 1^1 — a >= X2, — a — (3 >= 
2:3. This means that V^-^ =< xx^x^^xz > is 
just the three dimensional fundamental represen- 
tation. From the definition of this representation 
and from its explicit construction it follows that 
the sl(3, M) generators take the form (the normal- 
ization taken here is not conventional, but is most 
useful for the sequel) 
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— X\3x2 1 




= X2dxi, 






= X2dx3 , 




— X^dx2 1 


(5) 


El 




E-1 







hi = Xidxi - X2dx2, 
h2 = X2dx2 - x^dx^. 

Following the results established in jl^] all repre- 
sentations of s[(3,R) can then be obtained from 
the fundamental representation and consequently 
we only need one differential realization to obtain 
all the representations of s[(3,]R). Indeed, the 
highest weight of the representation Vp^^^^+p^^^ 
is simply Ipi/xi + P2^J.2 >= {xiY^ {xi A ^2)^^ 
because (i) E"'^\pifii + P2fi2 >~ and (ii) 
h^\pl^J,l +P2fJ.2 >=Pt\piPi +P2f^2 >■ The repre- 
sentation 2^pi/ii+p2M2 is then obtained from the 
action on \pifii +^2^*2 >= {xiY^ [xi h X2Y^ 
of E^",E^^ given in (H). A direct calculation 
shows that when pi , p2 are integer the represen- 
tation is finite dimensional, and the operators 
E±a ^ ■g±p ^ ■g±-f g^j.g nilpotent. However, when at 
least one of the pi is not an integer the represen- 
tation is infinite dimensional. As shown in [ p^ 
this procedure can be equally applied for any Lie 
algebras. 

The aim is now to construct an i^— Lie algebra 
associated to the three dimensional representa- 
tion "D^ j (this could have been done for any rep- 
resentation of s[(3,M)). In the realization the 
vectorial representation writes 





r xi = 


Imi >, 








l/ii - a > 


= S-"|mi >, 




L 2:3 = 


l/ii - a- P > 


= E-f^E~'^\^ii > 



Hence, 

B =s[(3,M) 



(6) 



(7) 



is considered for the bosonic (graded zero part) of 
the F— Lie algebra. The natural representation to 
define the "F"^-root" of Vp^ is V^jp. So, the 
graded one part is taken as 



The primitive vector of this representation is 
given by x^^ . In the differential realization (||), 
this representation, acting explicitly with the op- 
erators E~°',E~f^ on x\^^ — \j: > is easily ob- 
tained 



Vi^ = ||y -na-p(3 >= 

^ {E-f'Y {E-»Y \^ >,n eN,0 <p <n}, 

leading to the weight diagram given in figure 1. 

Next to define an F— Lie algebra associated to 
s[(3, R)©2?^j S)T^fii/F the following representation 
(reducible) is considered 



{Vp^/f)^\qLAxi) 



iM e N, < p, < ^ , 



(10) 



Ai = Vt 



(8) 



with the symmetric tensorial product. 

Now, comparing xi, the primitive vector of 
2?^^, with ®^ {xif'^^ G (Vp^/p) it is seen 
that these two vectors, as primitive vectors, sat- 
isfy the same properties 



hi{xi)^xi, hi((sP{xiy]^>S>^{xiy, 
/i2(xi) = 0, /i2(®-^ (xi)* j = 0, 

E°'^f^'i{xi) ^0, E°''l^''i(^(»P {xi)T'^ ^0. 

(11) 

But now, constructing the representation from 
these primitive vectors, one obtains, on the one 
hand 1?^^ , and on the other hand, the infinite 
dimensional representation 

(xi)^^^) = - na - pP >^ 

{E-^Y {E-'^Y ( ®^ (^1)'^^ ) , n e N, < p < n}. 

(12) 
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Figure 1. Weight diagram for tlie C^^/f representation of s[(3, R). Tlie down-left corner represents tlie positive 
roots of s((3,R). Tlie representation is infinite dimensional in the direction of q and 7, but finite dimensional in 
the direction /3. Two consecutive vectors in the direction a (resp. /3 or 7) are related by a multiplication by ^ 
(resp.^i or 



However, a direct calculation shows that the fol- 
lowing relations hold 

- 2a >= 

£;"|Mi-2a-/3>=0 (13) 
E'^\[iY -2a-2/3>=0. 

It means that V^j = {®^ (x\)^^^'^ is a Verma 
module (the operator i?" is not nilpotent). The 
relation with the finite dimensional representa- 
tion is the following isomorphism 

i?^-(®^(a;i)^/^)/A^^ (14) 

with = {{E-^Y{E-r{ <^^{x^)'^^), 

n e N,0 < p < n,(n,p) ^ (0, 0), (1, 0), (1, 1)} 
the maximal proper sub-representation of Vni 
(Vt G s[(3,M),Vm e M^,,t{m) e M^,) (see @ 
for more details). 

Thus, to obtain an F— Lie algebra some con- 
straints have to be introduced. Following |15|, 



J- is defined as the vector space of functions on 
xi,X2,X3 > 0. The multiplication map to„ : T x 
■■■xT — > T given by to„(/i, ■ ■■,/„) = /i ■■■ /n 
is multilinear and totally symmetric. Hence, it 
induces a map jip from {J-) into J-. Restrict- 
ing to (Vti. ) one gets fip ■ ('Dn 



Xi 



Xi 



X3 \ i=i 
X2 



(15) 



It is easily seen that 

This representation is reducible but indecom- 
posable. Namely, a complement of 2?^^ in 

Sf^^{Vn^, stable under s[(3,M) cannot be 
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found: i. e. we cannot write Sf^^ (^^ti.^ — 
T^ii © in an equivariant way (respecting the 
action of s[(3,M)). For instance xi {^^^ G ^ 

is such that E"" (^i (ff)^^ e D^, but 

E~°'{x2) — 0. With this simple observation the 
conclusion is, as in [|l5|, that an i^— Lie algebra 
with B = 0[(3,M) © cannot be defined. To 
obtain such a structure, one possible solution 
is to embed I?^^ into an infinite dimensional 
representation. For instance. 



(sI(3,M)©5^ (Pii) J ® 
D (s[(3,M) ® 



red/ 



(16) 



has a structure of i^— Lie algebras. See [|l5[ and 
(Tsl for more details. 

4.2. Fractional supersymmetry and infinite 
dimensional algebras 

As mentioned there is another way to define 
an i^— Lie algebra, extending g into an infinite 
dimensional Lie algebra. To define this algebraic 
structure, the key observations are as follow: 

(i) For any Lie algebra g (complexified) and 
to any positive roots of g there is a natural 
s[(2,R) sub-algebra generated by {E'^", ha} and 
fulfilling the commutation relations [ha,E^°'] — 
±E^", [E'\E-°']=2ha. 

(ii) The centerless Virasoro algebra (generated 
by L„,n e N with [L„,L„] = {n - m)Ln+m) 
contains an s[(2,R) sub-algebra, generated by 
{L±i,Lo}. 

(iii) Moreover, for all n > the generators 
{L±n, Lq} of the Virasoro algebra generate a 
sI(2,R) sub- algebra. 

Putting (i) and (ii-iii) together, the definition 
of V{g) is given, as a possible generalization of 
the centerless Virasoro algebra (de Witt algebra) . 
This construction, proceeds in two steps. Firstly 
a partial Lie algebra is defined. Secondly, calcu- 
lating all the commutators of all the generators 
defined in the first step, the algebra is closed lead- 
ing to V{q). 



4.2.1. The partial Lie algebra 

Having (i-iii) in mind, the following is assumed, 
in order to obtain a possible extension of the Vi- 
rasoro (centerless) algebra 

• For any positive roots a there is a Vira- 
soro algebra, namely generators of weight 
na, n g Z. 

• For all n > they are generators of 
weights ±na, ±n/3, closing, with hi, /12 
through an sI(3,R) algebra. 

Such an algebra was defined in a formal and uni- 
versal way in | p^ . But now, the relevance of 
the variables xi,X2,X2 is clear, in the sense that 

^1^^ is of weight na and (^f|^ of weight n/3 
and contain all the informations to construct gen- 
erators of appropriate weight. It implies that the 

only generators of weight na are (^f^^ Xidxi, of 
weight nP are (^ff^ Xidx^, and of weight 717 are 

1^1^^ Xidxi, with i — 1,2,3. (Strictly speaking 

{xiX2X'i) being of weight zero, more generators 
can be defined.) Finally, introducing (for n > 0) 



E 



(17) 

a direct and simple calculation shows that these 
generators (with /ii, /12 (see (||)) and T = xidx^ + 
X2dx2 + xsdxs), endow the following structure: 

1. For aU n > 0, £;±"^, /ii, /12} 

and |l;±"",^±"'^,£;±"T,/ii,/i2} generate 
an5[(3,R) algebra. 
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2. For all positive root Lp — a,P,"f, 
J^E-'''^,E'''^,neN,^[E'P,E-'fi]^ and 

|i^-"'^,£;"'^, neN,^[E'fi,E-'fi]'j gener- 
ate a Virasoro algebra. 

It means that the partial Lie algebra so- 
constructed admits a concentric and a radial sym- 
metry. Concentric symmetries are related to 
s[(3,R)'s sub- algebras and radial ones to Vira- 
soro's sub-algebras. All this is summarized in 
Figure 2. 

4.2.2. The algebra y[s[(3,M)] 

With the above introduced generators of the 
partial Lie algebra given in ( p^ and upon calcu- 
lating the commutators that are neither on the 
same circle, nor on the same radial, the genera- 
tors of F[5[(3,M)] are obtained 



— ) ( — ) Xl^^i, 



^ 'S) (S' 



(18) 



xsdx 



Denoting the generators in a generic way x"'™ — 
ixi)P^{x2y^ix3)P^Xidx, with pi ^ n,p2 = to- 
n,p3 — —m {pi + P2 + P3 — 0), the commutation 
relations take the form 



v,x.. 



(19) 



It can be noticed that this algebra admits a 
Lie algebra automorphism. Indeed, a direct 
calculation shows that if Xf'™ — > p(Xf'™) 
such that p(Xi"''" + X'i^ + Xg"'") = 0, the 
commutation relations (19) remains unchanged. 
The interpretation of the obtained algebra, as 
well as of the automorphism p is left for a fu- 
ture publication. Notice only that the algebra 
y[sl(2, R)]/Kerp is just the Virasoro algebra and 
that the weight diagram of y[s[(3,K)] covers all 
points na + m[3,n,m G Z of the weight lattice 



with a degeneracy of three. 

From the definition of the Lie algebra 
F[s[(3,K)] it is not difficult to extend the rep- 
resentations (0) and (H). Using (^8|) and starting 
with (^ and ^), one gets 

i>^^ = + ra -f s/3 >= 



Xl 



X2 



j (5) --^} 



V 



(20) 



+ ra + sP >- 



,r,s e 



\X2j \X3 

and 



X"'™!/!! + ra + 3/3 > 

= (1 + r)|/ii + (r + n)a + {s + m)f3 > 

^2 '"l^i + ra + s/S > 

= {s — r)|/ii + (r + n)a + {s + m)f3 > 

+ r« + s/3 > 
= —s\fii + (r + 7i)a + {s + m)f3 > 



A 1 ■ I — + ra + sp > 
r 

= {^+r)\^ + (n + r)a + (m + s)/3 > 
r r 

X2 +ra + 3/3 > 

^ {s ~ r)\^ + {n + r)a + {m + s)f} > 



(21) 



F 



X3' \— +ra + sl3 > 



= + {n + r)a + [m + s)/3 > 

It may be seen that the representations given in 
(^ and (^ are included in their corresponding 
representations given in (^0|). It should also be 
noted that these two representations are not ob- 
tained from a primitive vector i.e. they are not 
bounded from bellow or above. 

Furthermore, in each case the action of 
F[5[(3,R)] extends the action of 5[(3,K). The 
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Figure 2. The partial Lie algebra of V[s[(3, R)]. For all n > there are two s[(3, R) algebras (concentric 
symmetry). For all positive roots two centerless Virasoro algebras (radial symmetry) occm. 



fundamental property of these representations lies 
in a t/[5l(3, M)]— equivariant map from (^Vin^ 

into 'Dj£i- This is just the multiplication map fip 
(see (15)). A direct calculation shows that 



sL (%) -^i^ {s' (% 



(22) 



and then Sf^^ (i'lLkj and V^-^ are isomorphic. 
Hence, 



(v[5l{3,R)](BV^,^ (BVti (23) 
is an F— Lie algebra. 

5. Conclusion 

To conclude, considering infinite dimensional 
representations, one is able to construct a theory 



generalizing supersymmetry and super-Lie alge- 
bras. Indeed, starting from a Lie algebra g and a 
representation P^, the basic point is to consider 
the infinite dimensional representation D^/p. As 
shown this construction leads naturally to an in- 
finite dimensional algebra V{q) containing g as 
a sub-algebra. When g — s[(2,R) this algebra 
reduces to the centerless Virasoro algebra. This 
construction was done exphcitly for q = s[(3,K), 
but such a construction works equally well for 
— 5[(ri,M). It should then be interesting to 
study this algebra per se: geometrical interpreta- 
tion, central extension etc.. Indeed, it was then 
realized that the algebra V{sl{3,'M.))/ Kerp is in- 
cluded into the algebra of vector fields on the 
Torus T^. Let us mention that a general study 
is under investigation. Following the same sim- 
ple principle, we are looking for the possibility to 
realize some Lie algebras (including Kac-Moody 
and hyperbolic algebras [|l^) as a sub-algebra of 
the vector fields on a torus ||l^. Finally, let us 
mention that for q — sI(2,R) unitary representa- 
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tions of (1 + 2)D FSUSY have been constructed 
fl^ . As observed earlier in this case FSUSY is a 
symmetry which acts on relativistic anyons [20| . 
The interpretation of FSUSY in higher dimen- 
sional space-time is still an open question. 
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